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Abstract. In this work infinitesimal deformations of the model filiform Z2 X 
Z2-color Lie superalgebra have been studied. All the filiform Z2 X Z2-color Lie 
superalgebras can be obtained by means of infinitesimal deformations, hence 
the importance of these. Thus, in particular, we give a family of filiform 
Z2 X Z2-color Lie superalgebras via linearly intcgrablc deformations. 
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1. Introduction 

A well known use of the generalizations of Lie theory corresponds to the study of 
symmetries into physics. These symmetries are not limited to the geometrical ones 
of space-time. Thus, among others, the generalization of Lie theory that has been 
proven to be physically relevant are color Lie (super)algebras [2], [T^, [13] and |14) . 

We shall consider color Lie superalgebras with a Z2 x Z2-grading vector space due 
to the great amount of physical applications of this vector space, see e.g. [3], [1], [S] 
and [5]. In particular, we will focus our study in a very important type of nilpotent 
Z2 X Z2-color Lie superalgebra, i.e. filiform Z2 x Z2-color Lie superalgebras. 

Filiform Lie algebras was firstly introduced in jl5j by Vergne. This type of 
nilpotent Lie algebra has important properties; in particular, every filiform Lie 
algebra can be obtained by a deformation of the model filiform algebra L„. In the 
same way as filiform Lie algebras, all filiform Lie superalgebras can be obtained by 
infinitesimal deformations of the model Lie superalgebra L"'™ [1], [2], [H] and [9]. 
In |10j we generalized this concept obtaining filiform (G, P)-color Lie superalgebras 
and the model filiform [G, j3)-color Lie superalgebra as well as the existence of 
"adapted" basis for these color Lie superalgebras. 

In [lOj we too proved that in order to obtain all the class of filiform (G, /?)-color 
Lie superalgebras it is only necessary to determine some infinitesimal deformations 
of the model filiform (G, /3)-color Lie superalgebra. 

In this paper we have studied these infinitesimal deformations for the group 
G = Z2 X Z2 obtaining, in particular a decompostion into 10 subspaces that depend 
on the election of the commutation factor (3. We shall focus our study in those 
deformations that are linearly integrable as if Lp is an integrable deformation then 
the law L + If will be a filiform Z2 x Z2-color Lie superalgebra. Thus, in the 
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last section we obtain all a family of filiform Z2 x Z2-color Lie superalgebras via 
integrable deformations. 

We will not suppose any prior knowledge of the theory of Lie superalgebras. 
However, we do assume that the reader is familiar with the standard theory of Lie 
algebras. All the vector spaces that appear in this paper (and thus, all the algebras) 
are assumed to be F-vector spaces (F = C or R) with finite dimension. 

2. Preliminaries 

We consider G = Z2 x Z2, i.e. the abelian group G = {e = (0, 0), a = (0, 1), 6 = 
(1, 0), c = (1, 1)} with identity element e = (0, 0) and a + a = b + b = c + c = e, 
a + 6 = c, a + c = 6, 6 + c = a. 

The vector space V is said to be Z2 x Z2— graded if it admits a decomposition 
in direct sum, V = Vg (B Va ® Vb ® Vc- An element X of F is called homogeneous 
of degree 7 {deg{X) = d{X) = 7), 7 g Z2 x Z2, if it is an element of Vy. 

Let V = Ve®Va®Vb®Vc andW = We®Wa®Wb® Wc be two Z2 x Z2-graded 
vector spaces. A linear mapping / : V — > W is said to be homogeneous of degree 
7 {deg{f) = d{f) = 7), 7 e Z2 X Z2, if C W^+j for all a e Z2 x Z2. The 

mapping / is called a homomorphism of the Z2 x Z2— graded vector space V into 
the Z2 X Z2— graded vector space W if / is homogeneous of degree e ~ (0, 0). Now 
it is evident how we define an isomorphism or an automorphism of Z2 x Z2— graded 
vector spaces. 

A superalgebra g is just a Z2— graded algebra q = flo ©fli- That is, if we denote 
by [ , ] the bracket product of g, we have [fla,0/3] C 0c«+/3(mod2) for all a, (3 €1.2. 

Definition 2.1. Let g = go ©fli be a superalgebra whose multiplication is denoted 
by the bracket product [ , ] . We call q a Lie superalgebra if the multiplication 
satisfies the following identities: 

1. [x,Y] = vx G 0„,vy e s^. 

2. {-ir"[X, [Y,Z]] + {-ir-f'lY, [Z,X]] + {-l)^-'[Z, [X,Y]] = 

bv all X e ga,Y € Qff, Z G Q-y with a, ^, 7 e Z2. 
Identity 2 is called the graded Jacobi identity and it will be denoted by Jg{X, Y, Z). 

Wc observe that if g = go ffi 0i is a Lie superalgebra, we have that go is a Lie 
algebra and gi has structure of go— module. 

Color Lie (super) algebras can be seen as a direct generalization of Lie (su- 
per) algebras. Indeed, the latter are defined through antisymmetric (commutator) 
or symmetric (anticommutator) products, although for the former the product is 
neither symmetric nor antisymmetric and is defined by means of a commutation 
factor. This commutation factor is equal to ± 1 for (super)Lie algebras and more 
general for arbitrary color Lie (super)algebras. As happened for Lie superalgebras, 
the basic tool to define color Lie (super) algebras is a grading determined by an 
Abelian group. 

Definition 2.2. Let G be an Abelian group . A commutation factor is a map 
/3 : G X G — >¥\ {0}, (F = C or M), satisfying the following constraints: 
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(1) h)(3{h, g) = 1 for all g,heG 

(2) Pig, h + k)= Pig, h)Pig, k) for all g,h,kGG 

(3) Pig + h,k)= Pig, fc)/3(/i, k) for all g, h,keG 

The definition above implies, in particular, the following relations: 

Pie,g)=Pig,e)^l, Pig,h) = pi-h,g), P{g.g)^±l yg,heG 

where e denotes the identity element of G. In particular, fixing g one element of 
G, the induced mapping Pg : G — > F \ {0} defines a homomorphism of groups. 

Definition 2.3. Let G be an abelian group and P a commutation factor. The 
(complex or real) G— graded algebra 

L = ^Lg 

geG 

with bracket product [ , ], is called a (G, /3)-color Lie superalgebra if for any 

X E Lg, Y E Lh, and Z E L wc have 

(1) [-'^j 5^] = —Pig,h)[Y,X] (anticommutative identity) 

(2) [[X, Y],Z] = [X, [Y, Z]] - Pig, h)[Y, [X, Z]] (Jacobi identity) 

Remark 2.4. The Jacobi identity above can be rewritten in equivalent form as 

Pik, g)[X, [Y, Z]] + Pih, k)[Z, [X, Y]] + Pig, h)[Y, [Z, X]] = 
for all X E Lg, Y E Lfi and Z E Lk- 

Note that from the above definition we have the following consequences. 

Corolleiry 2.4.1. Let L = ®g^G^9 ^ iG,p)-color Lie superalgebra. Then we 

have 

(1) Le is a (complex or real) Lie algebra where e denotes the identity element 
ofG. 

(2) For all g E G \ {e}, Lg is a representation of Lg. If X E Lg and Y E Lg, 
then [X,Y] denotes the action of X onY. 

Examples. (1) For the particular case G = {e}, L = L^ reduces to a Lie algebra. 

(2) If G = Z2 = {0, 1} and 1) = — 1 we have ordinary Lie superalgebras, i.e. 
a Lie superalgebra is a (Z2,/3)-color Lie superalgebra where Pii,j) = (—1)'-' for all 
i,j E Z2. 

(3) As we always have Pig, g) = ±1, then wc can set G+ = {g E G/ Pig, g) = 1} 
and G_ = {g E G/Pig,g) = —1}. If G = G+ such (G+, /3)-color Lie superalgebras 
arc called color Lie algebras. 

(4) If ^ = 0g£C! Ag is a G-graded associative algebra, then setting 

[X,Y]=XY-pig,h)YX 
for X E Ag, Y E Ah, we make A into (G, /3)-color Lie superalgebra [A]^. 
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Definition 2.5. A representation of a (G, /3)-color Lie superalgebra is a mapping 
p : L — > End{V), where V = 0gg(j is a graded vector space such that 

[p{X),p{Y)] = p{X)piY) - p{g,h)p{Y)p{X) 

for all X e -Lg, Y £ Lh 

We observe that for all 5, ft, G G we have p{Lg)Vh C Vg+/i, which implies that 
any Vg has the structure of a L^-modvle. In particular considering the adjoint 
representation adL we have that every Lg has structure of Z/e-module. 

Two (G, /3)-color Lie superalgebras L and Af are called isomorphic if there is 
a linear isomorphism : L — y M such that <fi{Lg) = Mg for any g € G and also 
Vi[x,y]) = [ip{x),ip{y)] for any x,y e L. 

Let L = 0(,g(3 ^5 be a (G, ^)-color Lie superalgebra. The descending central 
sequence of L is defined by 

C°{L) = L, C'^+HL) = [C''{L),L] yk>o 

If C*'{L) ~ {0} for some k, the (G, /3)-color Lie superalgebra is called nilpotent. 
The smallest integer k such as C'^{L) = {0} is called the nilindex of L. 

Also, we are going to define some new descending sequences of ideals. 

Definition 2.6. Let L = Qg^QLg be a (G,/3)-color Lie superalgebra. Then, we 
define the new descending sequences of ideals C''{Le) (where e denotes the identity 
element of G) and C''{Lg) with g € G \ {e}, as follows: 

C°{L,)=L„ C''+\L,) = [L„C''{L,)], k>0 

and 

e\Lg) = Lg, e''+\Lg) = [L,,e\Lg)], k > Q , g & G \ {b} 

Using the descending sequences of ideals defined above we give an invariant of 
color Lie superalgebras called color-nilindex. We are going to particularize this 
definition for G = Z2 x Z2 . 

Definition 2.7. If L = ® La ® Li, ® is & nilpotent (Z2 x Z2,^)-color Lie 
superalgebra, then L has color-nilindex {Pe,Pa,Pb,Pc), if the following conditions 
holds: 

(CP=-i(Le))(C^'"-i(La))(C^"'-i(L6))(CP-i(L,)) ^ 

and 

Cf'(Le) = Cf-(L„) = CP" (Lb) = CP^iK) = 

Definition 2.8. Let L = ©ggg Lg be a (G, /3)-color Lie superalgebra. Lg is 
called a Le-filiform module if there exists a decreasing subsequence of vectorial 
subspaces in its underlying vectorial space V, V = Vm D ■ ■ ■ D Vi D Vq, with 
dimensions m,m— 1, ... 0, respectively, m > 0, and such that [L^, Vj+i] = Vi. 

Definition 2.9. Let L = ^g^QLg be a (G, /?)-color Lie superalgebra. Then L is 
a filiform color Lie superalgebra if the following conditions hold: 

(1) Le is a filiform Lie algebra where e denotes the identity element of G. 

(2) Lg has structure of ie-filiform module, for all 5 € G \ {e} 
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For G = Z2 X Z2 we give another equivalent definition for fifiform color Lie 
superalgebras using the invariant called color-nilindex. 

Definition 2.10. Any (Z2 x Z2, /3)-color Lie superalgebra L = L^® La® L^® 
is a filiform color Lie superalgebra if its color-nilindex is exactly 

{dimLg — 1, dimLa, dimLi, dimLc) 

It is not difficult to see that for G = Z2 x Z2, there are, up to symmetries, four 
possible commutation factors /3, i.e. ^2, /^s and ^4 with: 

1. /3i (a, a) = pi (b, h) = /3i (a, c) = ft c) = -1 

2. /32(a,a)=/32(6,&) = /?2(a,6) = -l 

3. /33(a,6)=/33(a,c)=/33(6,c) = -l 

in all other cases , — ) = 1 with i e {1, 2, 3}, thus (3^ = 1. 

Fixing &(3i {l<i< 4), we will note by the variety of all (Z2 x Z2, 

color Lie superalgebras L = Lf,®La®Lh®Lc with dim{Lg) = n+1, dim{La) = m, 
dim{L{) ~ p and dim{Lc) = t. 

Thus, AAg'^j.™;^'* is the subset of formed by all (Z2 x Z2,/3i)-color Lie 

superalgebras with color-nilindex (to, *2, ts) where to < q, ti < r, < s and 

< u. We observe that the set Af^'mpt the variety of all nilpotent (Z2 x Z2, Pi)- 
color Lie superalgebras. For simplicity we write 7V"'™'^'' instead of A/'^'™^ 

We denote by the subset of 7V".'"'P'* composed of all filiform color Lie 

superalgebras. 

In the particular case of G = Z2 x Z2 the theorem of adapted basis rests as 
follows for L = Le®La®Lb®LcG 7^.™'?-*: 



[Xo,X,]= Xi+i, l<i<n-l, 

[Xo,Xn]=0, 

[Xn,Yj]=Yj+u l<i<m-l, 

[Xo,Yra]=0 

[Xo,Zk] = Zk+i, l<k<p-l, 
[Xo,Zp]=0. 

[Xo,Ws]=Ws+i, l<s<t-l, 
[Xo,Wt]=0. 



with {Xo, Xi, . . . , Xn} a basis of Le, {Yi, . . ., Ym} a basis of La, {Zi, . . ., Zp} a 
basis of Lb and {Wi, . . . , Wt} a basis of Lc- 

The model filiform (Z2 x Z2, /3j)-color Lie superalgebra, is the simplest 

filiform (Z2 x Z2, /3,;)-color Lie superalgebra and it is defined in an adapted ba- 
sis {Xq, Xi,..., Xn, Yi, . . . , Ym, Zi,...,Zp,Wi,..., Wt} by the following non-null 
bracket products 
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1 < i < n — 


1 


[X^-Yj] 


= ^i+i) 


1 < J < 771 - 


- 1 


[Xn,Zk] 


= -^fe+i 


l<k<p- 


1 


. [Xo,Ws] 




1< s <t- 


1 



We observe that this definition does not depend on the election of the commu- 
tation factor /3i. 

3. COCYCLES AND INFINITESIMAL DEFORMATIONS 

Recall that a module V ^ Ve ® Va (S Vb ® Vc oi the {Z2 x Z2, ;9i)-color Lie 
superalgebra L is a bilinear map of degree e = (0,0), L x V ^ V satisfying 

y X eLg, Y eLhveV : X(Yv) - I3,{g, h)Y{Xv) = [X, Y]v 

color Lie superalgebra cohomology is defined in the following well-known way (see 
e.g. [llj): in particular, the superspace of q- dimensional cocycles of the (Z2 XZ2, /3i)- 
color Lie superalgebra L = Lf. ® La ® Lf, ® with coefficients in the L-module 
Ve®Va®Vb® Vc will be given, up to symmetry, by 

• If /3j = /3i or I3i /?2, then 

C9(L;y)= Rom {A'^^ Le^S"" La (EtS'^" Lb (E) A"" Lc,V) 
qc+qa+qb+qc=q 

• If 13, = 133 orA = /34, then 

C«(L;l/)= Hom (A''=Le(8)A«" La (^A'"' Lb (g)A«'=Lc,l^) 
qc+qa+qb+qc=q 

This space is graded by C9(L; V) = CI{L; V) © C«(L; V) ® (L; V) © C9(L; V) 
with 

• If ft = /3i or ft = ft 

RomiA'^^ Le'^S'^" La <S)S'^'' Lb A"" L^,Vr) 

qe + qa + qb + qc = q 
qb + qc + Pi = ri mod 2 
qa + qc + P2 = r2 mod 2 

with p = {pi,P2) e Z2 X Z2 and r = (ri,r2) G Z2 x Z2. 

• If ft = (33 or ft = ft 

Hom(A«=Le(»A''"La(»A«''Lfc(»A«=Lc,K) 
9c -I- 9a -I- 9i, -I- gc = g 

9b + 9c -I- Pl = I'l mod 2 
9o -(- 9c + P2 = ^2 mod 2 

with ]3 = (pi,P2) e Z2 X Z2 and r = {ri,r2) G Z2 x Z2. 



DEFORMATIONS OF SOME COLOR LIE SUPERALGEBRAS 



7 



The cohoundary operator : C«(i;y) — > C''+'^{L;V), with o J-? = is 
defined in general, with L an arbitrary (G,/9)-color Lie superalgebra and V an 
i-module, by the following formula for > 1 

{S'ig){Ao,Au...,Ag) = 

q 

^(-l)''/3(7 + ao + • • • + ar-i,ar)Ar ■ g{Ao, . . . , Ar, . . . , A^) 

r=0 

+ y^(-l)''^(«r+l H h as- 1, 0:5)5(^0, . . . , Ar-1, [Ar, A^], A^+l, . . . , Ag, . . . Ag) , 

r<s 

where g G C'^{L; V) of degree 7, and Ao,Ai, . . . ,Aq G L are homogeneous with 
degrees ao, ai, . . . , respectively. The sign " indicates that the clement below it 
must be omitted and empty sums (like ao + - ■ ■ + ar-i for r = and ar+i + - ■ ■+as-i 
for s = r + 1) are set equal to zero. In particular, for g = 1 we have 

((5\g)(Ao, Ai) = /3(7, ao)Ao ■ g{Ai) - (3{j + ao, ai)Ai ■ g{Ao) - g{[Ao, Ai]) 
and for g = 2 we obtain 

{S^g){Ao,Ai,A2) = P{^,ao)Ao-g{Ai,A2) - l3{"f + ao,ai)Ai-g{Ao,A2) + 

/?(7 + ao + ai,a2)A2 ■ g{Ao, Ai) 

-g{[Ao, Ai], A2) + l3{ai,a2)gi[Ao, A2], Ai) + g{Aa, [^1, A2]). 

Let Zi(L; V) denote the kernel of 61 and let B3(L; V) denote the image of 
then wc have that B'i{L;V) C The elements of Z''{L;V) are called q- 

cocycles, the elements of B'^{L;V) are the q-coboundaries. Thus, we can constuct 
the so-called cohomology groups 

V) ^ V) /B-^iL; V) 

H^{L;V) = Z^{L;V) /B^{L;V) ,i/ G = Z2 x Z2 then p = e,a,b,c 

Two elements of Z'^{L; V) are said to be cohomologous if their residue classes modulo 
B'>{L; V) coincide, i.e., if their difference lies in B'^{L; V). 

We will focus our study in the 2-cocyclcs of degree e = (0, 0),Z2(L"''"'P'*; i"'™.P.*) 
with L"'™'?''* the model filiform (Z2 x Z2, /3i)-color Lie superalgebra. Taking into ac- 
count the law of L"'™'P'* the condition that have to verify V S ^^(L"''"'^'*; L».'".P.t) 
to be a 2-cocycle rests 

{6^tp){Ao,Ai,A2) = [Ao,ip{Ai,A2)]- l3i{ao,ai)[Ai,^{Ao,A2)] + 

l3i{ao + ai,a2)[A2,^lj{Ao,Ai)]-2j;{[Ao,Ai],A2) 
+/3i(ai, a2)V(Uo, ^2], Ai) + V(Ao, [^1,^2]) = 

for aU Ao,Ai,A2e i"'™'P>*. We observe that /-"''"•p-* has structure of i"'™.P'*- 
module via the adjoint representation. 

We consider an homogeneous basis of ^"■''"'P'* = (B La (B Lb (B L^, in par- 
ticular an adapted basis {X^ , Xi , . . . , Xn , Fi , . . . , F„,, , , . . . , Zj,, VFi , . . . , Wt } with 
{Xq, Xi, . . . , Xn} a basis of L^, {Fi, . . . , F^} a basis of La, {Zi, . . . , Zp} a basis of 
Lb and {Wi, . . .,Wt} a basis of L^. 
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Under these conditions we have the following lemma. 

Lemma 3.1. Let be such that ^ G c'2(L"''"'P'*; then is a 2-cocyde, 

ip e z2(L"'™'P'*;i:">'"'P'*), iff the below 20 conditions hold for all Xi,Xj,Xk € L^, 
Yi, Yj,Yk e La, Z,, Zj,Zu e Lfc and W„ Wj,Wk € L^. 

(1) [X,,^{X,,Xk)] - [X,,i;{X,,Xk)] + [Xk,^{Xi,Xj)]-^{[Xi,Xj],Xk)+ 
i;{[Xi,Xk],Xj) + ^p{X,,[X,,Xk])=0 

(2) [X,,i;{X„Yk)] - [Xj,^(X,,Yk)] + [Yk,^{Xi, Xj)] - ^{[Xi, Xj],Yk)+ 
^l;{[Xi,Yk],X,) + i,{X,, [X,,Yk]) = 

(3) [Xi,i;{Xj,Zk)] - [Xj,i;{Xi,Zk)] + [Zk,i^{Xi, Xj)] - ^{[Xi, Xj], Zk)+ 
^|,{[Xi, Zk],Xj) + i^iXi, [Xj,Zk]) = 

(4) [Xi,^{Xj,Wk)] - [Xj,^{Xi,Wk)] + [Wk,HXi,Xj)] - ,p{[Xi,Xj],Wk)+ 

Wk],Xj) + ^P{Xi, [Xj, Wk]) = 

(5.1) A = /3i or Pi = 132 

[Xi,^{Yj,Yk)] - [Yj,^{Xi,Yk)] - [Yk,^{Xi,Yj)]-^{[Xi,Yj],Yk)- 
i,{[Xi, Yk], Yj) + i,{Xi, [Yj,Yk]) = 

(5.2) pi = ps or Pi = Pi 

[X,,^P{Y,,Yu)] - K-XX„n)] + [Yk,i>{Xi,Y^)\-i,{[Xi,Y^],Yk)+ 
i,{[Xi, Yk\,Yj) + i>{Xi, [Yj,Yk\) = 

(6.1) A = /3i or ft = /34 

[Xi,i^{Yj,Zk)] - [Yj,^{Xi,Zk)] + [Zk,^iXi,Yj)] - ,l;{[Xi,Yj],Zk)+ 
V([Xi, Zk],Yj) + i,{Xi, [Yj,Zk]) = 

(6.2) Pi = p2 or Pi = P3 

[Xi,i,{Yj,Zk)] - [Yj,i,{Xi, Zk)\ - [Zk, i^iXi, Yj)] - i,{[Xi, Yj\,Zk)- 
i,{[Xi, Zk],Yj) + i,{Xi, [Yj,Zk]) = 

(7.1) pi = pi orpi = p3 

[Xi,^PiY,,Wk)] - [Y,,^{X,,Wk)] - [Wk,^{Xi,Yj)]-ij{[Xi,Yj],Wk)- 
^{[Xi, Wk],Yj) + i;{Xi, [Yj,Wk]) = 

(7.2) Pi = p2 or Pi = Pi 

[Xi,^P{Yj,Wk)\ - [Yj,^P{Xi,Wk)] + [WkMXi,Yj)\-^l,{[Xi,Yj],Wk)+ 
^P{[Xi, Wkl Yj) + ^P{Xi, [Yj,Wk]) = 

(8.1) pi = pi orPi = p2 

[Xi,^{Zj, Zk)] - [Zj,^{Xi, Zk)] - [Zk, i>{Xi, Zj)] - Zj],Zk)- 
i,{[Xi, Zk],Zj) + i,{Xi, [Zj, Zk]) = 

(8.2) pi = p3 or Pi = Pi 

[Xi,^PiZj,Zk)] - [Zj,^{X,,Zu)] + [ZkMXi,Zj)\-^j;{[Xi,Zj\,Zk)+ 
i,{[Xi, Zk],Zj) + ^(Xi, [Zj, Zk]) = 
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(9.1) p^ = Pi or A = /33 

[X,,i,{Z.j,Wk)] - {Z,,^,{X,,\\\)\ - [Wfc, Z^)\ - ^{{Xi, Zj], Wk)- 
^{[Xi, Wk],Zj) + xP{Xi, [Zj,Wk]) = 

(9.2) A = P2 or 13, = Pi 

[X,,^{Zj,Wk)] - [Zj,ij{X,, Wk)] + [Wk, ^{Xi, Zj)] - ^PiiXi, Zj], Wk)+ 
^{[X,, Wk],Zj) + ^P{Xi, [Z,, Wk]) = 

(10) [X,,i;{Wj,Wk)] - [W„^{X,,Wk)] + [Wk,i^{Xi,Wj)]-^lj{[Xi,Wj],Wk)+ 
i;{[Xi, Wk] ,W,) + i;{Xi ,[Wj,Wk])=0 

(11.1) pi = pi or Pr = p2 

[Yi,i;{Yj,Yk)] + [Y„i;{Y,Yk)] + [Yk,i^{Yi,Y,)] - i;{[Y,Yj],Yk)- 
ij{[Yi,Yk],Yj)+^{Yi, [Yj,Yk]) = 

(11.2) Pi = p3 or p, =. Pi 

[Y,,4>{Y,,Yk)] - K-xr^Ffe)] + [YkA{yi,yj)]-i'{[yi,yj],yk)+ 

i,{[Yi,Yk],Yj) + ^l;{Yi,[Yj,Yk]) = Q 

(12.1) Pi = /3i 

[Yi,xlj{Yj,Zk)] + [Yj,^{Y,Zk)] + [Zk,i^{Yi,Yj)]-^l;{[Yi,Yj],Zk)+ 
^{%,Zk],Yj)+i,{Yi,[Yj,Zk])=Q 

(12.2) p, = P2 

[Yi, i>{Y,,Zk)] + t/.(yi, Zk)] + \Zk, ^(Fi, Yi)] - ^{%, y^lZk)- 

V([Fi, ^fc], Yj) + V(li, Zk\) = 

(12.3) Pi = ps 

[Yi, i>{Y,,Zk)] - V(i;, Zk)] + [Zk, i>{Yi, Yj)] - i,{[Yi, Yj], Z^)- 
V([Fi, ^fc], Fj) + ^{Yi, Zfc]) = 

(12.4) A = /34 

[Fi, i>{Y,,Zk)] - V(F„ Zu)] + \Zk, ^{Yi, Yi)] - ^([^i, Yj], ^fc)+ 
V'([F„ Zfc], F,) + V(F„ [F„ Zfe]) = 

(13.1) Pi = pi 

[Yi, i>{Yj,Wk)] + [Yj,i^{Y^, Wk)] + [Wk, i>{Yi, Y,)] - V'([F„ Yj],Wk)- 
V;([Fi, Wfc], Yj) + V(Fi, [Yj, Wk]) = 

(13.2) Pi = p2 

[Yi,,p{Y,,Wk)] + [Yj,^p{Y„Wk)] + [Wk,i^{Yi,yj)]-i^{[yi,Yj],Wk)+ 
i^{[Yi,Wk], Yj) + V(Fi, [Yj,Wk]) = 

(13.3) Pi = p3 

[Yi, MYj^Wk)] - [Yj,^{Y, Wk)] + [Wk, i>{Yi, Yj)] - i,{[Yi, Y^], Wk)- 
i,{[Y„Wk],Yj)+i,{Yi,[Y„Wk])=Q 
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(13.4) /3, = /34 

(14.1) A = Pi 

[Yu^{Z,,Zk)] - [Z,,^{Y,,Zk)] - [Zk,^iYi,Zj)]-ij{[Yi,Zj],Zk)- 
i>i[Y,,Zk],Z,) + i;iYi,[Zj,Zk]) = 

(14.2) Pi = p2 

[Yi, xl}{Z,,Zk)] + [Z„ Zk)] + [Zfe, V'(>'i, ^j)] - V'(K, ^i], ^fe)- 
V;([Fi,^fc],Z,) + V'(yi,[Z,-,Zfc]) = 

(14.3) /?, = A3 

[r„ ^(z„ Zfe)] + [z„ v^(r„ Zfe)] - [Zfe, v(Fi, Zj)] - V([^i, ^j], 
V'([Fi,^fc],^,0 + V'(>^i,[^j>^/t]) = o 

(14.4) A = A 

[Fi, V(^„ 2fc)] - [ZJ.^{Y^, Zk)] + [Zu, i^iYi, Zj)] - i^{[Yi,Zj], Zk)+ 
,p{[Y,,Zk],Zj) + i;{Yi, [Z,,Zk]) = 

(15.1) A = A 

[Yi, i>{Z,,Wk)] - \Z,,i>{Y,, Wu)\ + [VFfc, ^{Y,, Z,)\ - V'([y„ Z.lWk)- 
^{^uWkl Zj) + i,{Yi, [Zj,Wk]) = 

(15.2) A = A 

[r„^(Z„W^fe)] + [Z,,,p{Y,,Wk)] + [Wk,^{Yi,Zj)]-ij{[Yi,Zj],Wk)+ 

i^{[Yi,Wk], Zj) + v(yi, [^,-, w^fc]) = 

(15.3) A = /33 

[Fi, ^{Z,,Wk)] + [Zj,i;{Y,, Wk)] + [Wk, ^{Yi, Zj)\ - ^([Fi, Zj],Wk)- 
xP{[Y,,Wk],Z,) + xPiYi, [Z,,Wk]) = 

(15.4) A = P4 

[Yi, tp{z,,Wk)] - [Zj,i;iYi, Wk)] + [Wk, ^{Y,, Zj)] - v([y., Z,],Wk)+ 

i^{[Yi,Wk], Zj) + i,{Yi, [Zj,Wk]) = 

(16.1) A = Pi or Pi = p3 

[Yi,i;{Wj,Wk)] + [Wj,,p{Y„Wk)] - [Wk,i>iYi,Wj)]-i>{[Yi,Wj],Wk)+ 
ij{[Yi,Wk], Wj) + V(li, [Wj,Wk]) = 

(16.2) A = P2 or A = A 

[Yi, ^PiW„Wk)] - [W,,^{Y„ Wk)] + [Wk, ^Yi, Wj)] - ^([Fi, Wj], Wk)+ 
iji[Y„Wk],W,) + yj{Y,, [Wj,Wk]) = 

(17.1) A = Pi or A = A 

[Zi, ^p{Z,,Zk)] + [Zj,^P{Zi, Zk)] + [Zk, iP{Zi, Z,)] - i;{[Zi, Zj],Zk)- 
i,{[Zi, Zk], Zj) + i,{Zi, [Zj, Zk]) = 
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(17.2) A = k or = Pi 

Zfe)] - Zk)] + [Zk,i'{Z^, Z,)\ - ^{[Z,,Z,],Zk)+ 

ij{[Z^, Zk],Zj) + [Z,, Zk]) = 

(18.1) A = A 

[z,xz,,w^fc)] + [z,,^{z,,Wk)] + [tyfe,v(^.,^j)] - V^([^.,^jiw^fe)- 

7/;([Z„ Wk],Z,) + ^{Z,, [Z,,Wk]) = 

(18.2) A = /32 

[Z„^p{Z,,Wk)] + [Zj,4,{Z,,Wk)] + [T^fe,i^(Z„Zj)] -^([Z„Z,],T4^fe)+ 
i^([Z„ W^fc], Zj) + [^j, W^fe]) = 

(18.3) A = A 

[Z,XZ,,iyfe)] - [Z„V'(^„W^fe)] + [Wu.TP{Z,,Z,)]~ij{[Z,,Zj],Wk)- 
7/;([Z„ W^fc], Zj) + ^(Z„ [Zj,Wk\) = 

(18.4) A = Pi 

[z,,^{Zj,Wk)] - [z,,^{z,,Wk)] + [Wk,i'{z„Zj)]-^{[z,,Zj],Wk)+ 

i;i[Z,, Wk],Zj) + ^Z,, [Z,,Wk]) = 

(19.1) A=/3i orA = /33 

[Z„^{Wj,Wk)] + [W,,iPiZ,,Wk)] - [WkA{Z,,W,)]~i^{[Z,,W,],Wk)+ 
i^{[Z,,Wk],Wj) + ij{Z,,[Wj,Wk])^Q 

(19.2) A = p2 or A = A 

[Z,XTyj,M/fe)] - [iy,,V(Z.,M/fe)] + [Wk.TP{Z,,Wj)]-i!{[Z^,Wj],Wk) + 
7/;([Z„ T^fe], W^,) + 7/i(Z,, [Wj.Wk]) = 

(20) [iy„V(M^j,T^fe)] - [W,,i^{W,,Wk)] + [W^fe,^A(M^^,M^j)] - V'([W'.,M^j],W'fc)+ 
i^([T4^„ T4^fc], ly,) + ^(H^„ [W^,, M^fc]) = 



On the other hand, recall that an infinitesimal deformation if of the (Z2 x Z2, Pi)- 
color Lie superalgebra L, L = Le®La®Lb®Lc , it is a bihnear map if : Lx L — > L 
that satisfies the foUowing two relations (for more details in general see ^TU\): 



(1) (p{X,Y) = -~p,{g,h)^{Y,X), for aU X e Lg and Y E Lh- 

(2) /i o + (y9 o /i = 0, with /i representing the law of L, i.e. for all X S Lg, 
Y E Lh and Z E Lk wc have 

(Mo^ + (^o/z)(X,y,Z) = 

A(fc, 5)m(^, -^(y, ^)) + P^{h, k)fi{Z, ^{X, Y)) + A(g, h)fi{Y, ^{Z, X j) + 

A(fc, gMx, fi{Y, z)) + A(/i, fc)^(z, m(x, y)) + A(5, /i)(^(r, ^^(z, x) = o 



For an arbitrary group grading G and an admissible commutator factor j3 we 
have the following result 
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Theorem 3.1.1. [10] (1) Any filiform (G, f3)-color Lie superalgehra law fi is iso- 
morphic to fj,o + If where fiQ is the law of the model filiform (G, j3) -color Lie super- 
algebra and if is an infinitesimal deformation of fiQ verifying that (p{Xo^ X) = for 
all X Cz L, with Xq the characteristic vector of the model one. 

(2) Conversely, if Lp is an infinitesimal deformation of a model filiform (G, /?)- 
color Lie superalgehra law fiQ with (p{Xq, X) = for all X ^ L, then the law -\- if 
is a filiform (G, j3) -color Lie superalgehra law iff ip o ip — 0. 

^o^iX, Y, Z) = fi{k, g)^{X, ^(y, Z))+p{h, k)ip{Z, ^{X, Y))+Pig, h)ip{Y, ip{Z, X) 
for all X G Lg, Y Cz Lh and Z Cz Lk- 

Thus, any filiform (Z2 XZ2, /3i)-color Lie superalgehra will he a linear deformation 
of the model filiform (Z2 x Z2, /3i)-color Lie superalgehra, i.e. is the model 

filiform (Z2 x Z2, /3i)-color Lie superalgehra and another arhitrary filiform (Z2 x 
^2, /3i)-color Lie superalgehra will he equal to -f with ip an infinitesimal 

deformation of 7^"'"i^P^*. Hence the importance of these deformations. 

Next, we present the correspondence hetween 2-cocycles and infinitesimal defor- 
mations. 

Proposition 3.2. ip is an infinitesimal deformation of L"''"^'P'^ iff ip is a 2-cocycle 
of degree e, ip e ^2(j;^n,m,p,t. ^n,m,p,t)^ 

Proof. If tp is an infinitesimal deformation of i"-™^?.*^ then we have for all X G Lg, 
Y G Lh and Z E Lk 

(1) ibiX,Y) = -l3,ig,h)^{Y,X), and 

(2) /3,{k, g)[X, ^(r, Z)] + P,{h, k)[Z, Y)] + Pi,{g, h)[Y, i,{Z, X)] + 
ft (A:, g)i,{X, [y, Z]) + ft(/i, [X, Y]) + ft(g, h)iP{Y, [Z, X]) = 

On the other hand the 2-cocycles (L"'™'P'*; are in particular ft-skew 

symmetric which is equivalent to (1), and the condition to he a 2-cocycle 

[Ao,ij{Ai,A2)] - ft(ao, ai)[Ai,ij{AQ, A2)] + ft(ao -f ai, a2)[v42, V^(^o, ^1)] 
-V([^o, ^1], ^2) + ft(ai, a2)^([^o, ^2], Ai) + V(^o, [^1, ^2]) = 

is equivalent to (2) taking into account the different ways to express the identity 
of Jacohi. □ 

So, in order to determine all the filiform (Z2 x Z2, /3i)-color Lie superalgehras it 
is only necessary to compute the infinitesimal deformations or so called 2-cocycles 
of degree e, that vanish on the characteristic vector Xq. Thanks to the following 
lemma these infinitesimal deformations will can he decomposed into 10 suhspaces. 

Note that for G = Z2 x Z2, there are, up to symmetries, four possible commu- 
tation factors /3, i.e. ft, ft and ft: 

1 . ft (a, a) = ft (6, 6) = ft (a, c) - ft (6, c) = -1 

2. ft(a,a)=ft(6,6) = ft(a,fe)--l 

3. ft(a,6) =ft(a,c) =ft(5,c) = -1 

in all other cases ft(— , — ) = 1 with i G {1, 2, 3}, thus ft = 1. 
Thus, the decomposition into 10 suhspaces of the 2-cocycles of degree e depends 
on the election of ft. This leads to the following lemma. 
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Lemma 3.3. Let Z'^{L;L) be the 2-cocycles 2-2(L"'™'P'*; L"'™'P'*) that vanish on 
the characteristic vector Xq with L^^^-'^'^ = L = Le®La®Lb®Lc. Then, Z'^{L]L) 
can be divided into ten subspaces, i.e. 

1. If Pi = then 

Z^{L; L) = Z2(L; L) n Honi(Le A L^, L^) © ^^(L; L) n Hom(ie A L^, La)® 
Z\L] L) n Honi(Le A Lb) ® Z^{L; L) n Hom(ie A Lc, L^)® 
Z\L- L) n Honi(S'2ia, Le) ® Z^{L; L) n Y{om{S'^Lb, Le)® 
Z^{L; L) n Honi(Lc A L^, Le) ® Z\L; L) n Honi(La A Lb, L^)® 
Z\L; L) n Honi(La ® Lc, Lb) ® Z^{L; L) n Hom(L& ig) L^, Lq) 
= Hi® H2® Hz® Hi® H^® Hq® H-j ® Ha® Hg® Hw 

2. //A =/32, i/ie« 

L) = Z2(L; i) n Hom(Le A L^, L^) ® Z^{L; L) n Hom(ie A L^, L^)® 
Z^{L; L) n Hom(Le A Lb, Lb) ® Z^{L; L) n Hom(ie A L^, L^)® 
Z\L; L) n Honi(5'2La, L^) ® Z^{L; L) n Ilom{S^Lb, L^)® 
Z\L; L) n Honi(Lc A L^, Le) ® Z'^{L; L) n Honi(LQ (g) Lb, Lc)® 
Z^{L; L) n Honi(LQ A Lc, Lb) ® Z\L; L) n Honi(Lf, A Lc, La) 
= Hi® H2® H'i® Hi® H^® Ha® Ht ® Hs,® Hs)® Hw 

3. ///3, = 133, then 

Z^{L; L) = Z^{L; L) n Honi(Le A Lc, Lc) ® Z^{L; L) (1 Hom(ie A La, La)® 
Z^L; L) n Hom(Le A Lb, Lb) ® Z^{L; L) n Hom(ie A Lc, Lc)® 
Z^{L; L) n Hom(LQ A La, Lc) ® Z^{L; L) n Hom(Lfc A Lb, Lc)® 
Z^{L; L) n Honi(Lc A Lc, Lc) ® Z^{L; L) n Honi(LQ Lb, Lc)® 
Z\L; L) n Honi(LQ ® Lc, Lb) ® Z^{L; L) n Hom(Lb ® Lc, La) 
= Hi®H2®H3®Hi®H5®He®H7®Hs®H9® Hw 

4. // A = /34, then 

Z^{L; L) = Z^{L; L) n Honi(Le A Le, Le) ® Z^{L; L) n Hom(ie A La, La)® 
Z\L; L) n Honi(Le A Lb, Lb) ® Z'^{L; L) n Hom(ie A Lc, Lc)® 
Z^{L; L) n Honi(LQ A La, Lc) ® Z^{L; L) n Hom(Lb A Lb, Le)® 
Z\L; L) n Honi(Lc A Lc, Le) ® Z^{L; L) n Hom(La A Lb, Lc)® 
Z\L; L) n Honi(LQ A Lc, Lb) ® Z\L; L) n Honi(Lb A Lc, La) 
= Hi®H2®H3®Hi®H5®He®H7®Hs®Hg® Hw 

Proof. Case 1. A = /3i, let <f be such that ip G ^^(^"■'".p.*; L".™.?.*) and ipiXo,X) = 
VX £ L. It is easy to see that (p can be decomposed a.s (p — hi + h2 + h^ + 
hi + h^ + he + hr + hg, + hg + hw with hi e Hom(ie A Le,Lc), G Honi(ie A 
La, La), hs G Hom(Le A Lb, Lb), hi G Hom(ie A Lc, Lc), ^5 G Honi(S'^La, Le), /le G 
Hom(5'^Lf,, Le), /17 G Honi(Lc A Lc,Le),hs G Honi(La A Lb,Lc),hQ G Honi(La (g) 
Lc, Lb) and /iio G Hom(Lb (g) Lc, La). 

To complete the proof it only remains to verify that each of the above homo- 
morphisms is also a 2-cocycle. 

As = /ii + /i2 + ^3 + ^4 + /15 + /i6 + ^7 + ^8 + ^9 + hio is a 2-cocycle it will 
verify the 20 equations of the Lemma 13.11 that rest 
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(1) [X„hi{Xj,Xk)] - [Xj,hi{X„Xk)] + [Xk,hi{X^,Xj)] - hii[X„Xj],Xk)+ 
hi{[Xi, Xk],Xj) + hi{Xi, [Xj,Xk]) = 

(2) [X,,h2{Xj,Yk)] - [Xj,h2{Xi,Yk)] + [Yk,hi{Xi,Xj)] - h2{[Xi,Xj],Yk)+ 
h2{[Xi,Yk],Xj) + h2{Xi, [Xj,Yk]) = 

(3) [Xi, h3{Xj,Zk)] - [Xj,h3{Xi, Zk)] + [Zk, hi{X,, Xj)] - hsilX,, Xj],Zk)+ 
hsilXi, Zk],Xj) + h3{Xi, [Xj,Zk]) = 

(4) [X„h4{Xj,Wk)] - [Xj,hi{Xi,Wk)] + [Wk,hi{X„X,)]-h4[X,,X,],Wk)+ 
hi {[Xi,Wk], Xj ) + h4{Xi,[Xj,Wk]) = 

(5) [X^,h5{Yj,Yk)] - h5i[X,,Yj],Yk) - h5i[X,,Yk],Yj) = 

(6) [Xi, hs{Yj,Zk)] - hs{[Xi, Yj], Zk) + hs{[Xi, Zk],Yj) = 

(7) [Xi, hs{Yj,Wk)] - h<,{[Xi, Yj], Wk) - h<,{[Xi, Wk], Yj) = 

(8) [X„he{Z,, Zk)]] ~ hei[X,, Z,], Zk) - he{[X„ Zk], Z,) ^ 

(9) [Xi, hw{Zj,Wk)] - hio{[Xi, Zj],Wk) - hio{[Xi, Wk], Zj) = 

(10) [Xi, hr{Wj,Wk)] - hr{[Xi, Wj],Wk) + hr{[Xi, Wk],Wj) = 

(11) [Yi,h5iY,,Yk)] - K-,/i5(y„n)] + [Yk,h5{Yi,Y,)] = 

(12) [Zk,h5{Yi,Yj)]=0 

(13) [Wk,h5{Yi,Yj)] = 

(14) [Yi,he{Zj,Zk)]=0 

(16) [Yi,hr{Wj,Wk)]]=0 

(17) [Zi, heiZj, Zk)] + [Zj, heiZi, Zk)] + [Zk, heiZi, Zj)] = 

(18) [Wk,h<,{Z,,Z,)]=Q 

(19) [Zi,h^{Wj,Wk)] = Q 

(20) [Wi, hy{Wj,Wk)] - [Wj,hy{Wi, Wk)] + [Wk, hr{Wi, Wj)] = 



for all X^,Xj,Xk G L^, Y„Yj,Yk G La, Zi,Zj,Zk G Lb and Wi,Wj,Wk G L^. 
Prom the equations (12) and (13) we obtain that Xq ^ Im /15 and thus, the equation 
(11) vanishes. From the equations (14) and (18) we obtain that Xq ^ Im and 
thus, the equation (17) vanishes. Analogously from the equations (16) and (19) it 
can be obtained that Xq ^ Im /17, and then the equation (20) vanishes. Finally, 
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from the equation (2) it can be obtained that Xq ^ Im hi, and so Xq ^ Im (p. 
Thus, the equations (2), (3) and (4) can be rewritten as fohows 



(2) [X„h2{Xj,Yk)] - [X,,h2iX„Yk)] - h2{[X„Xj],Yk)+ 
h2i[X,,Yk],X,) + h2{X„ [X,,Yk]) = 

(3) [X,,h3{X,,Zk)] - [X,,h3{X,,Zk)]-h3{[X,,X,],Zk) + 
h3 {[X,,Zk], X, ) + h3 {X, ,[X,,Zk])^0 

(4) [X,, h4{X,,Wk)] - [Xj,h4{Xi, Wk)] ~ h4{[X,,X,],Wk)+ 
hi ( [X„ W^fe] , Xj ) + hi (X, , [X„ Wfe] ) = 



each of the remaining equations, i.e. from (1) to (10), corresponds to the cocycle 
condition for a homomorphism. Analogously, it can be proved the cases 2, 3 and 4. 



If wc fix, for example, I3i = Pi then we can note that the infinitesimal deforma- 
tions belonging to = Z'^{L;L) n Hom(S'^La, Lg) are all linearly integrable. In 
fact, let (fi be such that (p e Z^{L; L) n IIom(S'^La, ^e), then ip o cp rests 



ifio^iX, Y, Z) = /3i(fc, gMX, ^{Y, Z))+Pi{h, k^Z, ^{X, r))+/3i(.g, h^Y, ^{Z, X) 



for aU X e Lg, Y e Lh and Z e Lk 

It is easy to see that the above equation is always equal to for any election of 
the vectors X, Y, Z, and so ip is linearly integrable. 

Thus we have the following result 

Lemma 3.4. // (p is an infinitesimal deformation belonging to H^, then the law 
L + (fi will be a filiform (Z2 x Z2, Pi) -color Lie superalgehra. 

4. EXAMPLES OF FILIFORM (Z2 X Z2, /3i)-COLOR LlE SUPERALGEBRAS VIA 



In this section we are going to give a family of filiform (Z2 x Z2, /3i)-color Lie 
superalgebras via linearly integrable deformations, i.e. a family of j^"".™'?^*. Thus, 
we consider the symmetric bilinear map hk^s defined by the formula 



with l<s<n, l<fc<m and satisfying the equation (5) of the Lemma [3.11 for 
1 < j < m — 1. This equation rests 



Thus, by induction the following formula for hk,s can be proved: 



with l<i<j<m, k< We suppose that C^' = if g < or < < or g > i, 
and Cg — = I with t > 0. In the remaining cases we have = , „ . 



□ 
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in the other case 



[Xo,h5{Y,,Yk)] - h5{Yj+i,Yk) ~ h5{Yk+i,Y,) = 
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We note that as hk,s verifies the equation (5) only for 1 < i, j < m — 1, then we 
have that hk,s is not always a cocycle of H5. In particular, hk,s will be a cocycle of 
if and only if it satisfies the equation 

[Xo, hkAYi,Yrn)] - hk.4Y^+l,Ym) = 0, with 1 < i < TTl. 

It can be seen that hk,s verifies the above equation considering s — 2k> n — m—l, 
i.e. ii s - 2k >n-m-l then hk,s & = Z'^{L\ L) n Hom(S'^ia, Lg). In fact, if 
s — 2k = n — m — 1, then 

hkAYM = i-i)'-' (ct-\ - ^C^-Vl) 

and hk,s{Y2,Ym) — ■ ■ ■ — hk,siYm,Ym) = which clearly satisfy the above condi- 
tion. Finally, ii s - 2k > n - m - 1, then hk,s0^i-^Ym) = ■■■ = hk,s(Ym,Ym) = 
and also satisfies the above condition. 

Recall that the model filiform (Z2 x Z2, /3i)-color Lie superalgebra, 2^"''"'^''*, is 
the simplest filiform (Z2 x Z2, /3i)-color Lie superalgebra and it is defined in an 
adapted basis {^0, ^i, ■ • ■ , ^n, Yi,. . . , Y^, Zi, . . . , Zp, Wi, . . . , Wt} by the following 
non-null bracket products 

[Xo,X,]^ X,+i, l<i<n-l 
[Xo,Yj]=Yj+u l<j<m-l 
[Xo,Zk]=Zk+i l<k<p-l 



[Xo,Ws]^Ws+u l<s<t~l 
We observe that this definition does not depend on the election of the commu- 
tator factor ^j. 

Therefore we have the following Lemma 

Lemma 4.1. The family of (Z2 x Z2, 0i)-color Lie superalgebras that follows 

{L"M + hk,s}k,s 

with s — 2k > n — m — l is a family of filiform (Z2 x Z2, pi)-color Lie superalgebras. 

Remark 4.2. It is not difficult to see that the above family is too a family of filiform 
(Z2 X Z2, /32)-color Lie superalgebras. 
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